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Abstract. We introduce a novel multiresolution construction for efficiently
computing, compressing and applying large powers of operators that have high
powers with low numerical rank. This allows the fast computation of functions
of the operator, notably the inverse, in compressed form, and their fast appli-
cation. Classes of operators satisfying these conditions include important dif-
ferential operators, in any dimension, on manifolds, and in non-homogeneous
media. In this case our construction can be viewed as a far-reaching gen-
eralization of Fast Multipole Methods, achieved through a different point of
view, and of the non-standard wavelet representation of Calderón-Zygmund
and pseudodifferential operators, achieved through a different multiresolution
analysis adapted to the operator. We show how the dyadic powers of an opera-
tor can be used to induce a multiresolution analysis, as in classical Littlewood-
Paley and wavelet theory, and we show how to construct, with fast and stable
algorithms, scaling function and wavelet bases associated to this multiresolu-
tion analysis, and the corresponding downsampling operators, and use them
to compress the corresponding powers of the operator. This allows to extend
multiscale signal processing to general spaces (such as manifolds and graphs)
in a very natural way, with corresponding fast algorithms.

1. Introduction

We introduce a multiresolution geometric construction for the efficient computa-
tion of high powers of local operators (in order O(n logn), where n is the cardinality
of the space). The operators under consideration are positive contractions that have
high powers with low numerical rank. This organization of the geometry of a ma-
trix representing T enables fast computation of functions of the operator, notably
the inverse, in compressed form. Classes of operators satisfying these conditions
include Markov matrices used to discretize differential operators, in any dimension,
on manifolds, and in non-homogeneous media. Our construction can be viewed
as an extension of Fast Multipole Methods without multipoles [31], and of the
non-standard wavelet form for Calderón-Zygmund integral operators and pseudo-
differential operators of [5]. Unlike the integral equation approach we start from
the local differential operator, T , itself, rather than from the Green operator. For
most examples above the the (dyadic) powers of this operator decrease in rank, thus
suggesting the compression of the function space (and also of the geometric space!)
upon which each power acts. The scheme we propose consists in applying T to a
space of test functions at the finest scale, compress the range via a local orthogo-
nalization procedure, represent T in the compressed range, compute T 2, compress
and orthogonalize, and so on: at scale j we obtain a compressed representation of
T 2j+1

, acting on the range of T 2j+1−1, for which we have a (compressed) orthonor-
mal basis, and we apply T 2j

, locally orthogonalize and compress the result, thus
1
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getting the next coarser subspace. The computation of the inverse “Laplacian”
(I − T )−1 can be computed (in compressed form) via the Schultz method [5]: we
have

(I − T )−1f =
+∞∑
k=1

T kf

and, if SK =
∑2K

k=1 T
k, we have

SK+1 = SK + T 2K

SK =
K∏

k=0

(
I + T 2k

)
f .

Since we can apply fast T 2k

to any function f , and hence the product SK+1, we
can apply (I − T )−1 to any function f fast, in time O(n logn). Moreover, since
this construction adapts to the natural geometry induced by the operator, it is very
promising in view of applications to the problem of homogeneization.

The interplay between geometry of sets, function spaces on sets, and operators on
sets is of course classical in Harmonic Analysis. Our construction views the columns
of a matrix representing T as data points in Euclidean space which are then viewed
as lying on a manifold, for which the first few eigenvectors of T provide coordi-
nates (see [42, 16]). The spectral theory of T provides a Fourier Analysis on this
set relating our approach to multiscale geometric analysis and multiscale Fourier
and wavelet analysis. The action of a given diffusion semigroup on the space of
functions on the set is analyzed in a multiresolution fashion, where (dyadic powers
of) the diffusion operator corresponds to dilations, and projections correspond to
downsampling. The localization of the scaling functions we construct then allows
to reinterpret these operations in function space in a geometric fashion. This math-
ematical construction has a numerical implementation which is fast and stable. We
thus get a fast construction of multiresolution analyses on rather general spaces,
with respect to the dilations induced by a diffusion semigroup, and fast algorithms
for computing the corresponding transform.

Given a metric measure space and a symmetric diffusion semigroup on it, there
is a natural multiresolution analysis associated to it, and an associated Littlewood-
Paley theory for the decomposition of the natural function spaces on the metric
space. These ideas are quite classical (see [65] for a specific instance in which the
diffusion semigroup is center-stage, but a whole body of literature studies multiscale
decompositions in general settings, see e.g. [17, 55, 23, 24, 29, 37] and references
therein). This work shows in particular that scaling functions and wavelets can be
constructed and fast numerical algorithms that allow the implementation of these
ideas exist. The framework we consider in this work includes at once large classes of
manifolds, graphs, spaces of homogeneous type, and can be extended even further.

This construction allows to “lift” multiscale signal processing techniques to
datasets, for compression and denoising of functions and operators on a dataset
(and of the data set itself), for approximation and learning.

Note. Because of the scope of this article and for space constraints, it is not
possible to list all the references to all the works related to motivations, techniques,
and applications of the constructions and algorithms introduced in this paper. We
provide references to the most relevant works, but many others had to be omitted.
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Figure 1. Spectra of powers of T and corresponding multiscale
eigenspace decomposition.

2. The construction in the discrete setting

In this section we would like to present a particular case of our construction in
a purely discrete setting, where only finite dimensional linear algebra is needed.

Suppose we are given a graph X and a symmetric positive definite “diffusion”
operator T on (functions on) X . Without loss of generality, we can assume that
||T ||2 ≤ 1. For example, this graph could represent a metric space in which points
are data (e.g. documents) and edges have weights (e.g. a function of the similarity
between documents), and I−T could be a diffusion operator (a Laplacian on X), or
X and I−T could represent the discretization of a domain and a partial differential
operator on a domain (e.g. Laplacian on a domain with smooth boundary). Our
main assumptions are that T is local, and that high powers of T have low numerical
rank. Ideally there exists a γ < 1 such that rk(T 2j

) < γ rk(T 2j−1
).

We want to compute and describe efficiently the powers T 2j

, for j > 0, which
describe the long term behaviour of the diffusion. This will allow the computation
of functions of the operator (for example the Green’s function (I − T )−1), as well
as the fast computation of the diffusion of any initial conditions.

The reason why one expects this to be achievable is that the high powers of T
are low rank by assumption, so that it should be possible to compress them on an
appropriate basis, at the appropriate resolution.
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We start by fixing a precision ε > 0, and consider the columns of T , which can
be interpreted as the set of functions {Tδk}k∈X on X , where Φ0 = {δk} denotes
the set of Dirac δ-function at the points k of X (with slight abuse of notation in
identifying points and indices). We use a local Gram-Schmidt procedure, which is a
linear transformation we represent by a matrix G0, to orthonormalize these columns
to get a basis Φ1 = {ϕ1,k}k∈X1 (X1 is defined as this index set) for the range of T up
to precision ε. This yields a subspace that we denote by V1. Obviously |X1| ≤ |X |
but the inequality may already be strict since part of the numerical range of T may
be below the precision ε. Whether this is the case or not, we have then a map M0

from X to X1, which is the composition of T with the orthonormalization by G0.
We can also represent T in the basis Φ1: we denote this matrix by T1 and compute
T 2

1 . We proceed now by looking at the columns of T 2
1 , which are {T 2

1 δk}k∈X1 i.e., by
unravelling the bases on which this is happening, {T 2ϕ1,k}k∈X1 up to the precision
ε. Again we can apply a local Gram-Schmidt procedure to orthonormalize this set:
this yields a matrix G1 and an orthonormal basis Φ2 = {ϕ2,k}k∈X2 for the range of
T 2

1 up to precision ε, and hence for the range of T 3
0 up to precision 2ε. Moreover,

depending on the decay of the spectrum of T , |X2| is in general a factor smaller
than |X1|. The matrix M1 which is the composition of G1 with T 2

1 is then of size
|X2| × |X1|, and T 2

2 = M1M
T
1 is a representation of T 4 acting on Φ2.

After j steps in this fashion, we will have a representation of T 1+2+22+···+2j

onto
a basis Φj = {ϕj,k}k∈Xj . Depending on the decay of the spectrum of T , we expect
|Xj| << |X |, in fact in the ideal situation the spectrum of T decays fast enough
so that there exists γ < 1 such that |Xj| < γ1+2+22+...2j |X |. While Φj is naturally
identified with the set of δ-functions on Xj , we can extend these functions on the
“compressed” graphXj to the whole initial graphX by writing Φj = M0 ·· · ··MjΦ0,
and since every function in Φ0 is defined on X , so is every function in Φj . Hence
any function on the compressed space Xj can be extended naturally to the whole
X . In particular, one can compute low-frequency eigenfunctions on Xj , and then
extend them to the whole X .

We are at the same time compressing the powers of the operator T and the
space X itself, at essentially the optimal “rate”, as dictated by the portion of the
spectrum of the powers of T which is above the precision ε.

Observe that each point in Xj can be considered as a “local aggregation” of
points in Xj−1, which is completely dictated by the action of the operator T on
functions on X : the operator itself is dictating the geometry with respect to which
it should be analyzed, compressed, applied to any vector.

3. Notation and Definitions

Definition 3.1. Let X be a set. A function d : X × X → [0,+∞) is called a
quasi-semi-metric if

(i) d(x, y) ≥ 0 and d(x, x) = 0, for every x, y ∈ X,
(ii) d(x, y) = d(y, x), for every x, y ∈ X,
(iii) there exists C > 0 such that d(x, y) ≤ C(d(x, z)+d(z, y)) for every x, y, z ∈

X (quasi-triangle inequality).

The pair (X, d) is called a quasi-semi-metric space.
A quasi-semi-metric is called a quasi-metric if d(x, y) = 0 implies x = y, a semi-
metric if C = 1, and a metric if it is both a quasi-metric and a semi-metric.
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Remark 3.1. A quasi-semi-metric d induces naturally a quasi-metric d̃ on the quo-
tient spaceX/∼d where ∼d is the equivalent relation x ∼ y if and only if d(x, y) = 0.
The quasi-metric d̃ on the quotient is defined in the usual way by

d̃(x̃, ỹ) = inf
x∈x̃,y∈ỹ

d(x, y).

Example 3.1. A weighted undirected connected graph (G,E,W ), where W is the
set of nonnegative weights on the edges in E, is a semi-metric space when the
distance is defined by

d(x, y) = inf
γx,y

∑
e∈γx,y

we

where γx,y is a path connecting x and y. A metric space is obtained by identifying
vertices connected by edges with zero weight. Often in applications a measure on
(the vertices of) G is either uniform or specified by some connectivity properties of
each vertex (e.g. sum of weights of the edges concurrent in a vertex).

Let (X, d, µ) be a quasi-metric space with Borel measure µ. For x ∈ X , δ > 0,
let

Bδ(x) = {y ∈ X : d(x, y) ≤ δ}
be the open ball of radius δ around x. For a subset S of X , we will use the notation

Nδ(S) = {x ∈ X : ∃y ∈ S : d(x, y) < δ}
for the δ-neighborhood of S and, for δ1 < δ2, we let

Nδ1,δ2(S) = Nδ1 \ Nδ2 .

Definition 3.2. A quasi-metric measure space (X, d, µ) is said to be of homoge-
neous type [18, 17] if µ is a non-negative Borel measure and there exists a constant
CX > 0 such that for every x ∈ X, δ > 0,

(3.1) µ(B2δ(x)) ≤ CXµ(Bδ(x))

We assume µ(Bδ(x)) < ∞ for all x ∈ X, δ > 0, and we will work on connected
spaces X .

One can replace the quasi-metric d with an equivalent quasi-metric ρ so that the
δ-balls in the ρ metric have measure approximately δ [23, 24]: it is enough to define
ρ(x, y) as the measure of the smallest ball containing x and y. One can also assume
some Hölder-smoothness for ρ, in the sense that

|ρ(x, y) − ρ(x′, y)| ≤ cρ(x, x′)β [ρ(x, y) + ρ(x′, y)]1−β

for some β ∈ (0, 1), c > 0.

Example 3.2. Examples of spaces of homogeneous type include:
(i) Euclidean spaces of any dimension, with isotropic or anisotropic metrics

induced by positive-definite bilinear forms and their powers (see e.g. [7]).
(ii) Compact Riemannian manifolds with respect to geodesic metric, or also

with respect to metrics induced by certain classes of vector fields [53].
(iii) Regular graphs.

Definition 3.3. A family of functions {ϕk}k on (X, d) is called δ-local, for some
δ > 0, if

sup
k

diam.(supp.ϕk) < δ,
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i.e. there exists a set {xk}k ⊆ X, called a supporting set for {ϕk}k, such that for
every k we have supp.ϕk ⊆ Bδ(xk).

Notation 1. If V is a linear closed subspace of L2(X,µ), we denote the orthogonal
projection onto V by PV .

The closure V of any subspace V is taken in L2(X,µ), unless otherwise specified.

Definition 3.4. An ε-numerical span of a finite set of linearly independent vectors
{ϕk}k in L2 is defined as follows. Consider an orthonormal basis {ξl}l of V =
< {ϕk}k >, and express IdV as a matrix with respect to {ϕk}k in the domain and
{ξl}l in the range. Compute the Singular Value Decomposition IdV = UΣWT ,
where U,W are orthogonal, and Σ diagonal, with nonincreasing positive entries
λ1 ≥ λ2 ≥ . . . along the diagonal. Let wi denote the i-th column of W . Then the
ε-numerical span of {ϕk}k is the span of {wi}{i:λi>ε}.

Two subspaces V and W are ε-close if there exists a linear isomorphism L with
||I − L||2 < ε mapping V onto W .

Notation 2. If L is a self-adjoint bounded operator on L2(X,µ), with spectrum
σL, and spectral decomposition

L =
∫

σL

λdEλ ,

we define

Lε =
∫
{λ∈σL:|λ|>ε}

λdEλ .

4. Multiresolution Analysis induced by diffusion semigroups

4.1. Symmetric diffusion semigroups. We start from the following definition
adapted from [65].

Definition 4.1. Let {T t}t∈[0,+∞) be a family of operators on (X,µ), each mapping
L2(X,µ) into itself. Suppose this family is a semigroup, i.e. T 0 = I and T t1+t2 =
T t1T t2 for any t1, t2 ∈ [0,+∞), and limt→0+ T tf = f in L2(X,µ) for any f ∈
L2(X,µ).

Such a semigroup is called a symmetric diffusion semigroup if it satisfies the
following:

(i) ||T t||2 ≤ 1 (contraction property).
(ii) Each T t is compact and self-adjoint. (symmetry property).
(iii) T t is positive definite (positivity property).
(iv) The semigroup has a generator −∆, so that

(4.1) T t = e−t∆,

While some of these assumptions are not strictly necessary, their adoption sim-
plifies this presentation without reducing the types of applications we are interested
in at this time.

We will denote by σT the spectrum of T (so that {λt}λ∈σT is the spectrum of
T t), and by {ξλ}λ∈σT the corresponding basis (orthonormal since T t is normal)
of eigenvectors (with the abuse of notation that implicitly accounts for possible
multiplicities of the eigenvalues).
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Remark 4.1. There are classes of diffusion operators that are not self-adjoint but
very important in applications. The construction and the algorithm we propose
do not depend on this hypothesis, however the interpretation of many results does
depend on the spectral decomposition. We are currently investigating these issues
and report any progress in later notes.

Example 4.1. Examples include
(a) The Poisson semigroup, for example on the circle or half-space, or anisotropic

and/or higher dimensional anisotropic versions (e.g. [7]).
(b) The random walk diffusion induced by a symmetric Markov chain (on a

graph, a manifold etc...).
(c) The semigroup generated by a second-order differential operator on some

interval (a, b) (a and/or b possibly infinite), in the form

Lf = a2(x)
d2

dx2
f + a1(x)

d

dx
f + a0(x)f(x)

with a2(x) > 0, a0(x) ≤ 0, acting on a subspace of L2((a, b), q(x)dx) (q is
an appropriate weight function) given by imposing appropriate boundary
conditions, so that L is (unbounded) self-adjoint. Conditions (i) to (iii) are
satisfied, and (iv) is satisfied if c = 0.

This extends to Rn by considering elliptic partial differential operators
in the form

Lf =
1

w(x)

n∑
i=1

∂

∂xi

(
aij(x)

∂

∂xj
f

)
+ c(x)f ,

where we assume c(x) ≤ 0 and w(x) > 0, and we consider this operator
as defined on a smooth manifold. L, applied to functions with appropriate
boundary conditions, is formally self-adjoint and generates a semigroup
satisfying (i) to (iii), and (iv) is satisfied if c = 0.

An important case is the Laplace-Beltrami operator on a compact smooth
manifold (or even on a Lie group), and subordinated operators [65].

(f) One parameter groups (continuous or discrete) of dilations in Rn, or other
motion groups (e.g. the Galilei group or the Heisenberg-type groups), act on
square-integrable functions on these spaces (with the appropriate measures)
as isometries or contractions. Continuous wavelets in some of these settings
have been studied (see e.g. [43] and references therein), but an efficient
discretization of such transforms seems still an open problem (see however
[49]).

(g) The random walk diffusion on a hypergroup (see e.g. [70] and references
therein).

(h) If (X, d, µ) is derived from a graph (G,W ) as described above in remark
3.1, one can define Di =

∑
j Wij and then the matrix D−1W is a Markov

matrix, which corresponds to the natural random walk on G. The opera-
tor L = D− 1

2 (I −W )D− 1
2 is the normalized Laplacian on graphs, it is a

contraction on L(G) and is self-adjoint.
This discrete setting is extremely useful in applications and widely used

in a number of fields such as data analysis (e.g. clustering, learning on
manifolds, parametrization of data sets), computer vision (e.g. segmenta-
tion) and computer science (e.g. network design, distributed processing).
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We believe our construction will have application in all these settings. As a
starting point, see for example [12] for an overview, and [61] for application
to image segmentation.

5. Metrics and embeddings induced by a diffusion semigroup

Being positive definite, T t induces the diffusion semi-metric

(5.1)

d(t)(x, y) =
√∑

λ∈σT

λt (ξλ(x) − ξλ(y))2

=
√
< δx − δy, T t(δx − δy) >

= ||T t
2 δx − T

t
2 δy||2.

If T is strictly positive definite, then d(t) is a metric. If the action of T t on L2(X,µ)
can be represented by a (symmetric) kernel Kt(x, y), then d(t) can be written as

(5.2) d(t)(x, y) =
√
Kt(x, x) +Kt(y, y) − 2Kt(x, y) ,

since the spectral decomposition of K is

(5.3) Kt(x, y) =
∑

λ∈σT

λtξλ(x)ξλ(y) .

For any subset σ′
T ⊆ σT we can consider the map of metric spaces

(5.4)
Φσ′

T
: (X, d(t)) → (R|σ′

T |, dEuc.)

x 	→
(√

λ ξλ(x)
)

λ∈σ′
T

which is in particular cases called eigenmap [1, 56], and is a form of local multidi-
mensional scaling. By the definition of d(t), this map is an isometry when σ′

T = σT ,
and an approximation to an isometry when σ′

T � σT .
If σ′

T is the set of the first n top eigenvalues, and if
∫

X
K(x, y)dµ = 1, then Φσ′

T

is a minimum local distortion map from (X, d(t)) to Rn, in the sense it minimizes

(5.5)

n− tr(P<{φλ}λ∈σ′
T

>KP
∗
<{φλ}λ∈σ′

T
>) =

1
2

∑
λ∈σ′

T

∫
X

∫
X

(φλ(x) − φλ(y))2K(x, y) dµ(x)dµ(y)

among all possible maps x 	→ (φ1(x), . . . , φn(x)) such that < φi, φj >= δij . This is
just a rephrasing, in our situation, of the well-known fact that the top k singular
vectors span the best approximating k dimensional subspace to the domain of a
linear operator, in the L2 sense. See e.g. [36] for a comparison between different
dimensionality reduction techniques that can be cast in this framework.

Observe that for any fixed precision ε, one can find T ′ so that the eigenfunction
expansion (5.1) of d(t) can be truncated on σT ′ with approximation error smaller
than ε.

These ideas are related to various techniques used for nonlinear dimension re-
duction: see for example http://www.cse.msu.edu/~lawhiu/manifold/ for a list
of relevant links and [69, 4, 57, 2, 16, 42, 45] and references therein.
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Example 5.1. Suppose we have a symmetric Markov chain M on (X,µ), which we
can assume irreducible, with transition matrix P . We assume P is positive definite
(otherwise we could consider 1

2 (I + P )). Let {λl}l be the set of eigenvalues of P ,
ordered by increasing value, and {ξl}l be the corresponding set of right eigenvectors
of P , which form an orthonormal basis. Then by functional calculus we have

P t
i,j =

∑
l

λt
lξl(i)ξl(j)

and an initial distribution f on X , we define

(5.6) P tf =
∑

l

λt
l < f, ξl > ξl .

Observe that if f is a probability distribution, so is P tf for every t. The Geometric
Harmonics map Φσ′

T
embeds the Markov chain in Euclidean R|σ′

T | in such a way
that the diffusion metric induced by M on X becomes Euclidean distance in R|σ′

T |.

Finally, we observe that the semigroup not only generates a family of semi-
metrics on X , but a family of measures as well. We simply consider the σ-algebra
A(t) generated by the family of sets

S(t) = {B(t)
δ (x)) := supp. T t(χBδ(x)), x ∈ X, δ > 0}

and define µ(t)(B(t)
δ (x)) = µ(Bδ(x)) on S(t) and extend it to A(t).

6. Construction of the Multiresolution Analysis: scaling functions

and wavelets, downsampling, and compression of the dyadic

powers of T

We can interpret T as a dilation operator acting on functions in L2(X,µ), and use
it to define a multiresolution structure. Like in [65] and in classical wavelet theory,
we start by discretizing the semigroup at a logarithmically increasing sequence of
times such as

(6.1) tj =
j∑

i=0

2l = 2j+1 − 1.

Let {λi}i≥0 be the spectrum of T , ordered in decreasing order, and {ξi}i the
corresponding eigenvectors. For a fixed ε ∈ (0, 1) (which we may think of as our
precision), we define the (finite dimensional!) approximation spaces by

(6.2) Vj =< {ξλ : λ ∈ σT , λ
tj ≥ ε} >

The set of subspaces {Vj}j∈Z is a multiresolution analysis in the sense that it
satisfies the following properties:

(i) limj→−∞ Vj = Ran(T ), limj→+∞ Vj =< {ξi : λi = 1} >.
(ii) Vj+1 ⊆ Vj for every j ∈ Z.
(iii) {ξλ : λtj ≥ ε} is an orthonormal basis for Vj .

We will use the following notations:

(6.3) σT,j = {λ ∈ σT , λ
tj ≥ ε}
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We can also define the subspacesWj as the orthogonal complement of Vj in Vj+1,
so that we have the familiar relation between approximation and detail subspaces
as in the classical wavelet multiresolution constructions:

Vj+1 = Vj ⊕⊥ Wj .

The direct orthogonal sum

L2(X) =
⊥⊕

j≥0

Wj

a Littlewood-Paley decomposition of the space, induced by the diffusion semigroup
[65].

While by definition (6.2) we already have an orthonormal basis of eigenfunctions
of T for each subspace Vj (and for the subspaces Wj as well), these basis functions
are in general very much not localized, being generalized global Fourier modes of the
operator. Our aim is to build localized bases for each of these subspaces, starting
from a basis of the fine subspace V0 and explicitly constructing a downsampling
scheme that yields an orthonormal basis for Vj , j > 0. This is motivated by general
Heisenberg principles (see e.g. [54] for a setting similar to ours) that guarantee that
eigenfunctions have a smoothness or “frequency content” or “scale” determined by
the corresponding eigenvalues, and can be reconstructed by maximally localized
“bump functions”, or atoms, at that scale. This kind of ideas are of course largely
used in numerical analysis, especially in problems motivated by physics (multigrid
techniques [8, 46], matrix compression [9, 51, 34, 35], etc...) and are in general
behind many techniques for multiscale compression.

We avoid the computation of the eigenfunctions (in fact we are investigating if
our technique actually leads to a scheme for fast computation of the eigenfunctions);
as a consequence of this the approximation spaces Ṽj that we build will be in general
ε-approximations of the true Vj ’s.

In order to guarantee bounds on the decay on the orthonormal functions we
build, we will need the following definition from [17]:

Definition 6.1. A matrix (B)(j,k)∈J×J is called η-accreative, if there exists an
η > 0 such that for every ξ ∈ l2(J) we have

�e
∑

j

∑
k

Bjkξjξk ≥ η
∑

j

||ξ||2l2(J).

In order to apply the orthogonalization scheme at every scale, we introduce the
following class of positive diffusion semigroups:

Definition 6.2. A positive diffusion semigroup of operators acts regularly if there
exists η > 0 such that

B δ
η
(x) ⊆ B

(1)
δ (x) ⊆ Bδη(x)

for every x ∈ X.

Definition 6.3. Let (X, ρ, µ) be a space of homogeneous type, and γ > 0. A subset
{xi}i of X is a γ-lattice if ρ(xi, xj) > cγ, for all i, j, and for every y ∈ X, there
exists i(y) such that ρ(y, xi(y)) < cγ. Here c depends only on the constant CX of
the space of homogeneous type.
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Theorem 6.1 (Construction of the Multi Resolution Analysis). Let {T t} be a
symmetric diffusion semigroup acting regularly on X as above, Φ̃ = {ϕ̃k}k∈K̃ be a
countable δ-local basis, with supporting set S. Let Ṽ0 = < {ϕ̃k}k∈K̃ > and assume
Ṽ0 is ε-close to V0, for some fixed ε > 0. Assume the matrix B defined by

BΦ̃(j, k) =< ϕ̃j , ϕ̃k >

is η-accreative.
Then we can build a set of scaling functions {{{ϕj,l,k}k∈Kj,l

}l=0,...,Lj}j=1,...,J ,
with the following properties:

(i) For every j ≥ 0, let Φj = {{ϕj,l,k}k∈Kj,l
}l=0,...,Lj and ˜̃Vj = < Φj >. Then

Φj is an orthonormal basis and ˜̃Vj is 2(j + 1)ε-close to Vj.
(ii) For every j ≥ 0, the orthonormal basis Φj has the following structure:

(a) Lj  log µ(X)

µ(B
(tj )
δ )

.

(b) For every l ∈ {0, . . . , Lj}, |Kj,l|  2−j+1 (X)

µ(B
(tj )
δ )

.

(c) For every l ∈ Lj, with respect to the metric d(tj), the set {ϕj,l,k}k∈Kj,l

is (2l+1−1)δ-local and admits a supporting set Sj,l that is a (2l+2−2)δ-
lattice. In particular, supp. ϕj,l,k1 ∩ supp. ϕj,l,k2 = ∅, ∀k1, k2 ∈ Kj,l,
k1 �= k2.

(d) ϕj,l,k is exponentially localized with respect to the distance d(tj).
(e) There exist sparse low-pass filtering transformations Mj mapping Φj

into Φj+1.
If the cardinality of Φ̃ is n, then this construction can be done in time O(n log n),

assuming the cost of an ε-approximate nearest neighbor search is at most O(log n).
Moreover, all the coefficients < f, ϕj,l,k > can be computed in time O(n log n).

Corollary 6.2 (The Fast Scaling Function Transform). Let the scaling function
transform of a function f ∈ L2(X,µ), |X | = n, be the set of all coefficients {<
f,Φj >}j=0,...,J . All these coefficients can be computed in time O(n logn).

Remark 6.3. For various interesting classes of operators arising in applications, the
computational complexity of the transform is actually O(n) instead of O(n logn)
since the number of entries in M0 above precision is n instead of logn.

We will need the following two Propositions, whose proofs we postpone to the
Appendix.

Proposition 6.4 (Local orthonormalization on spaces of homogeneous type [17]).
Let Φ̃, S, V0 and B be and satisfy the same conditions as in Theorem 6.1. Then
there exists an orthonormal basis Φ = {ϕk}k∈K of V0 with the following localization
property: there exists C1, C2 > 0 depending on X, Φ, δ and η such that for every
k ∈ K̃ the decay estimate

|ϕk(x)| ≤ C1e
−C2ρ(x,sk)

holds.

Proposition 6.5 (Multiscale local orthonormalization on spaces of homogeneous
type). Let Φ̃, S, V0 and B be and satisfy the same conditions as in Theorem 6.1,
and let ε > 0. Then there exists an orthonormal basis {{ϕl,k}k∈Kl

}l=0,...,L of a
subspace ε-close V0 with the following properties:
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(i) For each l ∈ {0, . . . , L}, the family {ϕl,k}k∈Kl
is (2l+1 − 1)δ-local and it

has a supporting set Sl = {xl,k}k∈Kl
⊂ S that is a (2l+2 − 2)δ-lattice. In

particular |Kl| ≈ 2−l µ(X)
µ(Bδ) .

(ii) There exists Cl,1, Cl,2 depending only on X, Φ and l such that for every
l ∈ {0, . . . , L} and k ∈ Kl we have the decay estimate

(6.4) |ϕl,k(x)| ≤ Cl,1e
−Cl,2ρ(x,sl,k).

There are fast algorithms for constructing these orthonormal bases:

Proposition 6.6. A numerical algorithm exists that computes the orthonormaliza-
tion described in either Proposition 6.4 or 6.5 in time O(n log n) if the cost of an
(approximate) nearest neighbor search is at most O(log n), where n is the cardinal-
ity of Φ̃. Such an algorithm does not require B to be η-accreative: if it is not, it will
return an orthonormal basis Φ spanning a subspace 2ε-close to V0, with functions
with supports of the specified sizes.

We now start the proof of Theorem 6.1.
We are given a δ-local family of functions {ϕ̃k}k∈K̃ on X whose span Ṽ0 is ε-

distant from V0. We apply Proposition 6.5 to {ϕ̃k}k∈K̃ to get the orthonormal
basis

Φ0 = {{ϕ0,l,k}k∈Kj,l
}l=0,...,Lj

for a subspace ˜̃V0 which is ε-close to Ṽ0, and hence 2ε-close to V0, with the properties
claimed in Theorem 6.1. We apply now Tε to Φ0, getting a set Φ̃1 = {ϕ̃1,l,k}. The
Gramian

BΦ̃1
(k1, k2) =< ϕ̃1,l,k1 , ϕ̃1,l,k2 >

is ε2-accreative, because Tε has spectrum bounded below by ε, so we can apply
Proposition 6.5 to Φ̃1. We remark that the algorithm does not need to (and it will
not) consider Tε instead of T : the spectral truncation below ε is carefully taken
care numerically during the orthonormalization step.

By induction, once we have built Φj with all the properties claimed, we apply
(T 2j

)ε to Φj getting a set of functions Φ̃j whose Gramian matrix is ε2
j+1

-accreative,
and we get Φj+1 by applying Proposition 6.5 to Φ̃j . The orthogonalization produces

an error term of order ε in the distance between Ṽj and ˜̃Vj , from which claim (i) in
the Theorem.

Let us summarize this construction in terms of linear operators (and correspond-
ing representing matrices), to show how this leads not only to the fast construction
of the multiscale analysis and the orthonormal bases of scaling functions, but also
to a multi-level compression of the operator at different scales. Figure 2 summarizes
the description that follows.

By induction suppose we have constructed the orthonormal scaling functions

Φj = {{ϕj,l,k}k∈Kj,l
}l=0,...,Lj

at scale j ≥ 1, written on the orthonormal basis

Φj−1 = {{ϕj−1,l,k}k∈Kj−1,l
}l=0,...,Lj−1

at scale j−1, and compress T 2j

by representing it on these two bases in the domain
and range respectively. Then we perform two operations: we compute Φ̃j+1 =
{ϕ̃j,l,k} = {T 2j

ϕj,l,k} for every k ∈ Kj,l, l ∈ {0, . . . , Lj} (this operation is fast
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−−−
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−−−
−−−

−→

G0

−−−−−−−−−→

T 2
1

−−−
−−−

−−−
−−−

−→

G1

−−−
−−−

−−−
−−−

−−−
→

Gj

−−−−−−−−→

T 2j

j

−−−
−−−

−−−
−−−

−→

Gj+1

Φ0 Φ1 . . . Φj+1 . . .

Φ̃1 Φ̃2 . . . Φ̃j+1

Figure 2. Diagram for downsampling, orthogonalization and op-
erator compression. (All triangles are commutative by construc-
tion)

because T 2j

is compressed and well-localized after compression), and then use a fast
local modified Gram-Schmidt to find the numerical span of {ϕ̃j,l,k}k∈Kj,l

and at the
same time orthogonalize them. This is a linear map Gj that yields the orthonormal
basis Φj+1 = {ϕj+1,l,k}k∈Kj+1,l

, l ∈ {0, . . . , Lj+1}, naturally represented on the
bases Φj (in the domain) and Φj+1 (in the range), such that < Φj+1 > is ε-close
to < Φ̃j+1 >. The map Mj is the composition Gj ◦ T 2j

, and is thus naturally
represented on the bases Φj (in the domain) and Φj+1 (in the range). Observe that
for j = 0 we can assume the operator T is given represented on the basis {ϕk}k∈K̃,
and then we represent T 2j

on the basis Φj+1 simply by computing

(6.5) T 2j

j =
(
ΦjT

2j−1

j−1 ΦT
j

)2

= Mj−1M
T
j−1 .

Φj is of size |Kj |Lj ×|Kj |Lj , so T 2j

j is of the same size, and is a compressed version
of the operator T 2j

acting on Ṽj .
We can interpret this as having “downsampled” the subspace Vj at the critical

“rate” for representing up to precision the action of T 2j

on it. This is related to the
Heisenberg principle and sampling theory for these operators [55], which implies
that low-frequency eigenfunctions are not well localized and can be synthetized by
coarse (depending on the scale) “bump” functions. One then expects the existence
of quadrature formulas determined by very few samples: we consider this problem
of great importance and is currently being investigated. Most of the functions
{ϕj,l,k} are essentially as well localized as it is compatible with their being in Vj .
Moreover, because of this localization property, we can interpret this downsampling
in function space geometrically. We have the identifications

(6.6) Xj := {xl,k : xl,k is center of ϕj,l,k} ↔ Kj,l ↔ {ϕj,l,k}k∈Kj,l
.

The natural metric on Xj is d(tj), which is, by (5.1), the distance between the ϕj,l,k

in L2(X,µ), and can be computed recursively in each Xj by combining (5.1) with
(6.5). This allows us to interpret Xj as a space representing the metric d(tj) in
compressed form.

In our construction we only compute ϕj,l,k expanded on the basis {ϕj−1,l,k}k∈Kj−1,l

(this is the role of Mj), in other words, up to the identifications above, we know
ϕj,l,k on the downsampled space Xj only. However we can extend these functions
to Xj−1 and recursively all the way down to X0 = X , just by using the multiscale
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relations:

(6.7)

ϕj,l,k(x) = Mj−1ϕj−1,l,k(x) , x ∈ Xj−1

= Mj−1Mj−2 · . . . ·M0 ϕ0,l,k(x) =

(
j−1∏
l=0

Ml

)
ϕ0,l,k(x) , x ∈ X0

This is of course completely analogous to the standard construction of scaling func-
tions in the Euclidean setting [50, 50, 52, 5, 21]. This formula also immediately
generalizes to arbitrary functions in Vj , extending them from Xj to the whole orig-
inal space X .

The matrix Mj is sparse, since T 2j

is expected to be local (in the compressed
space |Xj |) and Gj is sparse (as we show in the Appendix), so that Mj has essen-
tially |Xj | log |Xj | elements above precision, at least for j not too large. When j is
large the operator is in general not local anymore, but the space Xj on which it is
compressed is in general very small. For interesting classes of operators we actually
expect to have only |Xj | entries in Mj which are bigger than ε, and thus the algo-
rithms presented will have order O(n). This follows from the observation that the
basis functions {{ϕl,k}k∈Kl

}l=0,...,L1 by construction essentially span the subspace
corresponding to the top singular vectors of Φ̃ = T 2j

Φj−1, which correspond to the
(fast) decaying singular values of T 2j

.

Remark 6.7. We could have started from Ṽ0 and the defined Vj as the result of
j steps of our algorithm, and thus never needed the spectral decomposition for
the semigroup. This allows to apply our whole construction and algorithms to the
non-self-adjoint case.

Remark 6.8 (Biorthogonal bases). While at this point we are mainly concerned
with the construction of orthonormal bases for the approximation spaces Vj , well-
conditioned bases would be just as good for most purposes, and would lead to the
construction of stable biorthogonal scaling function bases. This of course would
follow the ideas of “dual” operators in Coifman’s formula on space of homogeneous
type [15, 17], and also, exactly like in the classical biorthogonal wavelet construc-
tion [14], we would have two ladders of approximation subspaces, with wavelet
subspaces giving the oblique projection onto their corresponding duals. Details,
implementation and applications of these ideas are being investigated.

Remark 6.9. In practice one does not need to check the hypotheses of Theorem 6.1.
The algorithm adapts to local properties of the data, and provided the diffusion
operator is local and the original basis is local as well, it will use these properties
to efficiently orthogonalize and compress the powers of the operator.

6.1. Wavelets. We would like to construct bases {ψj,l,k}k,l for the spaces Wj , j ≥
1, such that Vj ⊕⊥ Wj = Vj+1. To achieve this, after having built {{ϕj,l,k}k∈Kj,l

}l

and {{ϕj,l,k}k∈Kj,l
}l, we can apply our modified Gram-Schmidt procedure with

geometric pivoting to the set of functions

{(I − Pj+1)ϕj,l,k}k∈Kj,l
,

which will yield an orthonormal basis Ψj of wavelets for the orthogonal complement
Wj of Vj+1 in Vj . Moreover one can easily prove upper bounds for the diameters
of the supports of the wavelets so obtained and for their decay.

The following is a simple consequence of Corollary 6.2:
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Corollary 6.10 (The Fast Wavelet Transform). Let the wavelet transform of a
function f ∈ L2(X,µ) be the set of all coefficients {< f,Ψj >}j=0,...,J . All these
coefficients can be computed in time O(n logn).

Remark 6.11. Remark 6.3 applies here as well.

6.2. Vanishing moments for the scaling functions and wavelets. In Eu-
clidean settings vanishing moments are usually defined via orthogonality relations
to subspaces of polynomials up to a certain degree. In our setting the natural sub-
spaces with respect to which to measure orthogonality is the set of eigenfunctions
ξλ of T . So the number of vanishing moments of an orthonormal scaling function
ϕj,l,k can be defined as the number of eigenfunctions corresponding to eigenvalues in
σT,j \σT,j+1 (as defined in (6.3)) to which T 2j

ϕj,l,k is orthogonal up to precision ε.
Observe this is comparable to defining the number of vanishing moments based on
||T 2j+1

ϕj,l,k||2, which evokes classical estimates in the theory of Calderón-Zygmund
operators.

We consider now a particular case, and we give a geometrical interpretation of
the above definition. In applications it is sometimes the case that T is strongly
positive, in the sense that Tf is a nonnegative function (a.e.) whenever f is, the
spaceX is finite, and the initial basis {ϕ̃k}k is simply the set of δ-functions {δx}x∈X .
Then it is the case that each multiscale orthonormal basis Φj that we build actually
splits into two subbases in the form

Φ1
j =

{{
{ϕj,l,k}k∈Kj

}
l=0,...,

Lj
γ

}

and

Φ2
j =

{{
{ϕj,l,k}k∈Kj

}
l=

Lj
γ +1,...,Lj

}
,

which are characterized by the property that

Φ2
j =

{
ϕj,l,k :

∣∣∣∣
∫

X

ϕj,l,k dµ(t)

∣∣∣∣ < ε

}
.

This is a simple consequence of our construction: the constant function 1 is in the
span of the first few layers of scaling functions in Φ1

j , since the supports of the
functions ϕ̃ that were picked in Φ1

j cover the space X , and are essentially locally
δ-constant (in the metric d(t)). Hence Φ2

j consists of oscillating functions of mean 0
(to the desired precision ε), which we could think of as another subspace of wavelets
contained in ˜̃Vj .

6.3. Fast eigenfunction computation. The computation of approximations to
the eigenfunctions ξλ corresponding to λ > λ0 can be computed efficiently in Vj ,
where j is min{j : λtj

0 > ε}, and then the result can be extended to the whole space
X by using the extension formula (6.7).

These eigenfunctions can also be used to embed the coarsened space Xj into Rn,
along the lines of section 5, or can be extended and used to embed the whole space
X .

See [47, 46] for results of multigrid techniques applied to fast eigenfunction com-
putations.
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6.4. Fast inversion of Laplacian operators. Given a fast method like ours to
compute the powers of T , the “Laplacian” (I − T ) can be inverted via the Schultz
method [5]: since

(I − T )−1f =
+∞∑
k=1

T kf

and, if SK =
∑2K

k=1 T
k, we have

SK+1 = SK + T 2K

SK =
K∏

k=0

(
I + T 2k

)
f .

Since we can apply fast T 2k

to any function f , and hence the product SK+1, we
can apply (I − T )−1 to any function f fast, in time O(n log n).

Observe that we never construct the full matrix representing (I − T )−1, but we
only keep a compressed multiscale representation of it, which we can use to compute
the action of the operator on any function.

7. Natural multiresolution on sampled Riemannian manifolds and on

graphs

The natural construction of Brownian motion and of the associated Laplace-
Beltrami operator for compact Riemannian manifolds can be approximated on a
finite number of points which are realizations of a random variable taking values
on the manifold according to a certain probability distribution as in [16, 42]. The
construction starts with assuming that we have a data set Γ which is obtained by
drawing according to some unknown distribution p, and whose range is a smooth
manifold Γ. A given a kernel that satisfies some natural mild conditions, for example
in the standard Gaussian form

K(x, y) = e−( ||x−y||
δ )2

for some scale factor δ > 0, is normalized twice as follows before computing its
eigenfunctions. The main observation is that any integration on the empirical data
set Γ of the kernel against a function is in the form∑

Γ

K(x, yi)f(yi)

and thus it a Riemann sum associated to the integral∫
Γ

K(x, y)f(y)p(y)dy .

Hence to capture only the geometric content of the manifold it is necessary to get
rid of the measure p on the dataset. This can be estimated at scale δ for example
by convolving with some smooth kernel (for example K itself), thus obtaining an
estimated probability density pδ. One then considers the kernel

K̃(x, y) =
K(x, y)
pδ(y)

as new kernel. This kernel is further normalized so that it becomes averaging on
the data set, yielding

K(x, y) =
K̃(x, y)∫

Γ
K̃(x, y)dy

.
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It is shown in [42] that with this normalization, in the limit |Γ| → +∞ and δ → 0,
the kernelK thus obtained is the one associated with the Laplace-Beltrami operator
on Γ. Applying our construction to this natural kernel, we obtain the natural
multiresolution analysis associated to the Laplace-Beltrami operator on a compact
Riemannian manifold. This also leads to compressed representation of the heat
flow and of functions of it.

On weighted graphs, the canonical random walk is associated with the matrix
of transition probabilities

P = D−1W

where W is the symmetric matrix of weights and D is the diagonal matrix defined
by Dii =

∑
j Wij . P is in general not symmetric, but it is conjugate, via D

1
2 to the

symmetric matrix D− 1
2WD− 1

2 which is a contraction on L2. Our construction al-
lows the construction of a multiresolution on the graph, together with downsampled
graphs, adapted to the random walk.

8. Examples and applications

Example 8.1 (Orthogonal spline multiresolution). Spline multiresolution analyses
are well-studied in the wavelet literature (see for example [66, 14, 11, 10, 58] and
references therein, for multiwavelets see for example [19, 25] and references therein)
and used in several applications, image analysis, finite elements methods for PDEs
and others.

The classical spline functions of order L on the real line, with knots on the integer
grid, are piecewise polynomials of degree L on each interval of the form [k, k + 1],
k ∈ Z, and globally of class CL−1. The basic spline function of order L is defined
by

ϕ̂(ξ) =
(

1 + eiξ

2

)L+1

so that
ϕ(x) = (∗)L+1

χ[0,1](x) .
The space of splines with knots on the integer grid is spanned by {ϕ(· − k)}k∈Z,
and in fact this is a Riesz basis. To obtain an orthonormal basis these functions
are usually orthonormalized via a translation-invariant Gram-Schmidt procedure
[66, 38] yielding the so called Franklin scaling functions and the corresponding
wavelets, which have support on the whole real line, but still are exponentially
decaying. To preserve the compactness of the support, [14] built biorthogonal
splines.

We can apply our construction to this situation, by letting X = R (or Z, or
perturbed versions of Z!) with standard distance and measure, and the initial
family of scaling functions being the family of splines of order L, {ϕL(· − k)}k∈Z

(restricted to Z if X = Z).. Our Gram-Schmidt orthogonalization with geometric
pivoting yields infinitely many different scaling functions, and scaling functions at
substrate l having support of size comparable to 2l · diam.supp. ϕL.

Example 8.2 (A simple homogeneization problem). We consider the non-homogeneous
heat equation on the circle

(8.1)
∂u

∂t
=

∂

∂x

(
c(x)

∂

∂x
u

)
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Figure 3. Multiresolution Analysis on the circle. We consider
256 points on the unit circle, start with ϕ0,k = δk and with the
standard diffusion. In each row we plot 6 scaling functions (two
per plot), two concentrated in time, two less localized, and two
maximally concentrated in “frequency”. Each of them has been
extended (refined) to the finest level via (6.7). Notice the coars-
est elements are trigonometric functions with low-frequency, this
being the subspace spanned by the top eigenvectors of the diffu-
sion operator. We also show, at scale, the matrix representing the
relevant power of the diffusion operatorat that level.

where c(x) is quite non-uniform, and we want to represent the large scale/large time
behaviour of the solution by compressing powers of the operator representing the
discretization of the spatial differential operator ∂

∂x

(
c(x) ∂

∂x

)
. The spatial operator

is of course one of the simplest Sturm-Liouville operators in one dimension.
We choose the function 0 < c < 1 represented in figure 5. We discretize the spa-

tial differential operator, thus obtaining a matrix W . In order to have an operator
T with L2-norm 1, we let Dii =

∑
j(2−Wij) and T = D− 1

2WD− 1
2 , which has the

desired properties of contraction, self-adjointedness and positiveness.
We discretize the interval at 256 equispaced points, as in the previous example,

and the discretization of the right-hand side of (8.1) is a matrix T which, when
properly normalized, can be interpreted as a non-translation invariant random walk.
Our construction yields a multiresolution associated to this operator that is hightly
nonuniform, with most scaling functions concentrated around the points where the
conductivity is highest, for several scales. The dimension of Vj drops quite fast
and V8 is already reduced to two dimensions. In Figure 5 we plot, among other
things, the embedding given by the two scaling functions in V8: while it differs from
an eigenmap because the coordinates are not scaled by the eigenvalues (which we
could cheaply compute anyway since it’s a 2× 2 matrix), it clearly shows the non-
uniformity of the heat distance (which is roughly euclidean distance in the range
of this map): the points with very high conductivity are very tightly clustered
together, while all the others are further apart and almost equispaced.
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Figure 4. Multiresolution Analysis on the circle. In the same
setting as for Figure 3, we compute the multiscale transform of
a periodic signal on the circle, contaiminated by two δ-impulses
(top) and of windowed chirp (bottom). In the first column we
plot the projections onto coarses and coarses scaling spaces, in the
second column we plot the projection on the corresponding wavelet
subspaces. Computations here were done to 5 digits of precision.

The compressed matrices representing the (dyadic) powers of this operator can
be viewed as homogeneized versions, at a certain scale with is time and space
dependent, of the original operator. The scaling functions at that scale span the
domain the homogeneized operator at that scale. Further developments in the
applications to homogeneization problems will be presented in a future work.

Example 8.3 (Perturbed lattices). Our construction applies naturally to perturbed
lattices in any dimension. Wavelets and multiresolution analysis on irregular lattices
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Figure 5. Non homogeneous medium with non-constant diffusion
coefficient (plotted up left): the scaling functions for V15 (up right),
and the entries above precision of the matrix T 8 compressed on
V4 (bottom left). We plot bottom right {(ϕ18,1(xi), ϕ18,2(xi))}i,
which are an approximation to the eigenmap corresponding to the
first two eigenfunctions, since V18 has dimension 3.

have been studied and applied by various researchers, see for example [22, 62] and
references therein. Our construction overcomes the usual difficulties related to local
oversampling (too many lattice points accumulating around a single point) and
nonuniformities, by automatically computing the local oversampling and locally
downsampling and orthogonalizing as requested by the problem.

As an example, we consider a set of 500 randomly drawn from a uniform distri-
bution on the square, and consider the diffusion operator normalized a la Beltrami
as described in Section 7. We plot in Figure 6 some of the scaling functions we
obtain.

Example 8.4 (Dumbell manifold). We consider a dumbell-shaped manifold, sampled
at 500 points, and the diffusion associated to the (discretized) Laplace-Beltrami op-
erator discussed in Section 7. See Figure 8.4 for the plots of some scaling functions.



MULTIRESOLUTION ANALYSIS ON SEMIGROUPS 21

0
0.2

0.4
0.6

0.8
1

0

0.2

0.4

0.6

0.8

1
−0.1

−0.05

0

0.05

0.1

0.15

0
0.2

0.4
0.6

0.8
1

0

0.2

0.4

0.6

0.8

1
−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

0
0.2

0.4
0.6

0.8
1

0

0.2

0.4

0.6

0.8

1
−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

0
0.2

0.4
0.6

0.8
1

0

0.2

0.4

0.6

0.8

1
−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

Figure 6. Example of scaling functions at coarse level associated
with a Beltrami diffusion on randomly distributed points on the
unit square. For graphical reasons, we are plotting a smooth exten-
sion of these scaling functions on a uniform grid by cubic interpo-
lation.

8.1. Extending the scaling functions outside the set. Suppose there exists a
metric measure space (X, d, µ) such that X ⊂ X, and suppose that the projection
operator

RX
X : L2(X,µ) → L2(X,µ)

f 	→ f |X

is bounded. Suppose we have a sequence of subspaces {En}n≥0, with En →
L2(X,µ) as n → ∞, and a singular value decomposition for RX

X |En that we write
as

RX
X |Enf =

∑
i≥1

αn,i < f, θ̃n,i > θn,i

where αn,1 ≥ αn,1 ≥ · · · ≥ 0.
Given a scaling function ϕj,k, we can find the smallest n such that

(8.2) ϕj,k ∈ P<θn,1,θn,2,···>En
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Figure 7. Some diffusion scaling functions at two different scales
(finer on the first line, coarser on the second line) on a sampled
dumbell-shaped manifold.

where in practice this equality is to be intended in the sense of numerical range of
the projection involved. Then we would define the extension of

(8.3) ϕj,k =
∑
i≥1

aiθn,i

to be

(8.4) ϕj,k =
∑
i≥1

ai

αn,i
θ̃n,i .

This makes numerical sense only when the sum is extended over those indices i
such that αn,i is well separated below from 0, which is equivalent to the condition
that (8.2) holds in the numerical sense.

Example 8.5. If X is a subset of Rn, then we can for example [16, 42] proceed in
any of the following ways.

(i) Let

BLc =
{
f ∈ L2(Rn) : supp. f̂ ⊆ Bc(0)

}
= < {ei<ξ,·> : |ξ| ≤ c} >,

the space of band-limited functions with band c, and then let En be BL2n .
The {θ̃n,i}i in this case are generalized prolate spherical functions of [64, 63],
called geometric harmonics in [16, 42].
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(ii) Let En be one the approximation spaces Vn of some classical wavelet mul-
tiresolution analysis in Rn, like the one associated to Meyer wavelets.

(iii) Let

BGc = <
{
e−

||x−y||
c

}
>,

the bump algebra at scale 1/c, and furthermore let En = BG2−n . While in
this case it is not the case that En ⊂ En+1, it is true that for every ε > 0
there exists an integer p = p(ε) > 0 such that Epn is ε-dense in En, for
every n ≥ 0.

Once all the scaling functions have been extended, any function f in L2(X) can
be extended to a function f in L2(X), by expanding f onto the scaling functions
and then extending each term of the expansion. How far the support of f extends
outside of X ⊂ X depends on properties of f and on how X is embedded in X and
on the function spaces En we use to extend.

When the diffusion operator is induced on the data set by a kernel that is defined
outside the dataset, it is also possible to use the Nyström extension [3, 27, 71].

For a survey of extension techniques in the context of nonlinear dimension re-
duction see [4] and references therein, as well as [16, 42].

9. Conclusion

We have shown that in the context of manifolds, graphs, data sets and general
metric spaces, diffusion processes and Markov processes can be analyzed in a mul-
tiscale fashion very much in the spirit of classical wavelet analysis. We propose
fast and stable algorithms for constructing orthonormal bases for the multiscale
approximation spaces, and we show that there is a fast multiscale transform that
allows the computation of the transform of a function in time proportional to n,
the number of samples in the space.

We believe this construction is opening the doors to multiscale signal processing
on general non-linear structures, and that it can be sucessfully applied in many dif-
ferent settings were efficient compression, denoising, learning of empirical functions
is important.

10. Future research

We believe the construction outlined in this paper opens the doors to many differ-
ent applications, while at the same time being amenable to various generalizations
and refinements. We start with the latter.

10.1. Generalizations and refinements.
(i) Biorthogonal multiscale spaces. The choice of having orthonormal bases for

the approximation spaces Vj was made here only out of simplicity and “es-
thetics”. In fact, it may not be the best choice in view of applications, as
the well-known cases in Euclidean wavelet analysis show. We could replace
the orthogonality constraint with the less stringent constraint of having
well-conditioned bases {ϕj,k}k∈Kj , i.e. unconditional Riesz bases with the
constants A,B, giving the norm equivalence between the L2-norm of the
function and the L2-norm of its coefficients, close enough to 1. The dual
basis is then also a well-conditioned Riesz basis (with constants 1/B, 1/A),
the projections onto the approximation spaces are oblique instead of being
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orthogonal. The algorithm is not affected, the interpretation of the ap-
proximation spaces as approximate eigenspaces is still valid, and the loss of
precision is usually acceptable.

Various question arise regarding what should be the equivalent of GSOGP
in this setting. One possibility that we consider very interesting would be
to use the algorithm in [32] that allows to have Kj+1 a subset of Kj . This
would have various advantages, among which the positivity of ϕj,k if ϕ0,k

are positive, and as a consequence interesting sampling results could follow.
(ii) Sharper frequency filters. Instead of looking at the spectrum of the powers

of T and thresholding on it to obtain the approximation subspaces Vj , we
consider thresholding a function mj of the spectrum (which correspond, via
the spectral theorem, to a function of the operator T ), which “sharpens”
and better localizes the spectrum to its low-pass frequency portion. We
expect this to improve numerical stability, and allow greater control on the
subsampling rate and mechanism in general.

(iii) Wavelet packets. We are investigating the construction of wavelet packets
in our context. This can be achieved by considering polynomials in Pj and
Pj − Pj+1 to further split the wavelet subspaces. This will allow to have
best basis algorithms, for compression, denoising and local discrimination
for functions on the spaces.

(iv) Extension to non-self-adjoint operators. The algorithm applies also to non-
self-adjoint operators, however the possible lack of a spectral decomposi-
tion does not allow the interpretation of the scaling spaces as (unions of)
eigenfunction spaces. There are lots of applications of this extension to
non-self-adjoint operators that motivate further investigations.

(v) Packings. The functions {ϕj,k} are not overall optimally localized, but
only approximately so. It could be desirable to optimize their localization
properties by finding better packings for their supports and doing a more
refined work in directing the Gram-Schmidt procedure to take into account
the (in general highly anisotropic) geometry of these supports at medium
to long times. There seem also to be relationships between the stability of
Gram-Schmidt and packings in the function spaces, which we are planning
to investigate.

10.2. Applications. We indicate some of the applications we are considering:
• This construction provides an efficient and fast technique for compressing

the data set itself, and functions on the data set. Applications we are
beginning to explore are empirical function approximation and learning,
denoising, surface compression. The multiscale spaces Vj seem to provide a
natural setting for structural complexity minimization and approximation,
and the extensions outside the data set, as well as efficient algorithms avail-
able for all these computations, seem to hold good promises for problems
of regression, classification and learning. They also provide a natural local
multiscale structure that lacks in many learning algorithms, or is sought
after through more complicate approaches.

• Compression of integral operators with non oscillatory kernels, with bound-
aries of arbitrary geometries, in arbitrary dimension, with no need of pro-
viding their parametrization. We do not know how this scheme or some
modification of it would perform in compressing oscillatory kernels.
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• Anisotropic Hardy spaces: in [7] anisotropic Hardy spaces induced by
anistropic dilation on Rn are constructed and the main theorems about
classical Hardy spaces and their properties (associated maximal functions,
atomic decompositions, duality theory, multiresolution decompositions) are
generalized to this setting. We suggest to study Hardy spaces induced
by the more general semigroups here considered and their corresponding
wavelets.

• Randomization. This algorithm can be randomized as soon as a random-
ized modified Gram-Schmidt with geometric pivoting procedure is avail-
able. There are many ways of randomizing SVD, CUR decompositions,
the problem is to study which ones are amenable to be modified to yield
orthonormal bases with the desired localization. A randomization would
have the goal of having complexity proportional to that instrinsic complex-
ity of the data that is independent of the number of samples. This would
have applications to situations in which the cardinality n of the space is
too big to be handled, and nevertheless the structure of the data allows
for “faithful downsampling” by large factors. For example in Monte Carlo
Markov Chain simulations the space is tipically extremely large (tipically
dn, where we have n objects with d degress of freedom). We are particu-
larly interested to online randomization schemes, where the structure can
be learned and efficently represented as the samples are being discovered.
This would also have applications to the large-time numerical solution of
classes of dynamical systems where a manifold of “slow-motions” exists (see
e.g. [13, 28] and references therein).

• Segmentation. Fast multiscale segmentation algorithms, based on multi-
grid ideas, have recently been proposed in [60] (see references therein for
some of the many papers about the problem of segmentation). In [61] the
authors introduce an approach to segmentation very much related to diffu-
sion and spectral graph theory. We plan to build on these ideas and use our
construction to build an efficient multiscale algorithm for segmentation.

• Network traffic analysis. In [26] a wavelet analysis for problems in traf-
fic analysis on a network is attempted by restricting continuous wavelets
to a graph. Our construction is completely intrinsic and adapted to an
application-driven diffusion. We currently investigating the efficacy of our
scheme in applications to problems of network traffic.

• Document classification. The diffusion distance seems a very natural and
promising measure for quantitating relationships between documents, and
a multiscale analysis of such structures should provide an interesting orga-
nization of such data. For huge datasets of this kind (e.g. the Internet)
randomization seems to become a necessity.

• Diffusion operators on hypergroups (and the corresponding random walks)
have been studied by several authors. Wavelets on hypergroups have till
know relied on the assumption that the dual of the hypegroup is (isomor-
phic to) a cone in Cn (see e.g. [70] and references therein). However the
construction proposed in this paper would allow the construction of multi-
scale analyses associated to the natural diffusion on the hypergroup.
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11. Comparison with previous work

In [5] the authors use wavelet bases to compress the matrices representing large
classes of operators, including Calderón-Zygmund operators and pseudo-differential
operators, by expanding the kernel itself on a wavelet basis, and they show this leads
to matrices with O(n log n) (or even O(n) for large classes of operators) entries
above precision, allowing for fast matrix operations such as matrix-vector multi-
plication. The matrices representing the operator in this “non-standard form”, as
they call it, are similar to the compressed matrices we obtain with our algorithm
(see Appendix for a discussion related to this point). In a way we are generalizing
the construction in [5] by building wavelet-like bases adapted to the geometry of
the operator.

Our construction is in many ways related to algebraic (or rather mixed algebraic-
geometric) multigrid techniques (see the pioneer paper [8], but the literature on the
subject is vast). Instead of the often heuristic, or problem-taylored ideas in algebraic
multigrid for constructing coarsening and extention operators, our construction
suggests to look at the powers of the operator and let them dictate the form of
these operators naturally. Multigrid techniques in general are expected to perform
very efficiently when the operator is smoothing, and its action for long times is
concentrated on subspaces of low-rank. These subspaces are often constructed ad
hoc in algebraic multigrid, here we construct them explicitly as numerical ranges
of powers of the operator.

In [34, 35] classes of matrices for which fast arithmetic exist are introduced, and
in subsequent papers various classes of interesting operators arising from partial
differential equations are shown to be in these classes. These matrices are not
sparse, but admit a sparse multiscale encoding structure; in this work the powers
of the operator, and from them a function of the operator, is encoded in multiscale
fashion as the action of sparse matrices at different scales.

In [9, 51] techniques for compressing low-rank matrices (see also [32]) are applied
to the problem of obtaining an explicit sparse inverse, in particular for the solution
of integral equations arising from boundary value problems of elliptic PDEs. The
interesection with our work lies in the idea of compressing a low-rank matrix in a
multiscale fashion; however the emphasis in our work is to obtain efficient represen-
tations of powers of an operator, not on the computation of the inverse of a fixed
operator.

The construction of wavelets via lifting due to Sweldens [33, 59, 67, 68, 40] is in
some respects similar to ours. The lifting schemes yields (formally) biorthogonal
wavelets by a sequence of “lifting steps”, each of which transforms a (formally)
biorthogonal pair of bases into another with more desirable properties, e.g. by
adding smoothness of the primal wavelets and/or adding vanishing moments to the
dual wavelets. The setting is quite general, in particular arbitrary lattices, varying
from scale to scale, can be used. What dictates the refinement is not the action of
a dilation operator but the subdivision scheme that refines a mesh into a finer one.
The geometric refinement implies the functional refinement of the associated scalinf
functions and hence the multiresolution analysis. It also determines the stability
of the obtain system, which in general cannot be guaranteed, unless regularity as-
sumption are made in the construction and refinement of the meshes. An improved
construction of a subdivision scheme with good regularity properties for arbitrary
topologies is proposed in [72] and its applications to surface compression studied.
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In [48] the authors propose a construction of semi-orthogonal and biorthogonal
wavelets based on regular subdivision schemes on samples from surfaces of arbitrary
topology. The geometry of the subdivision scheme dictates the refinement equations
for the scaling functions and wavelets, and the corresponding multiresolution. The
dilation operator is incorporated into the action of the subdivision scheme itself.
They suggest applications of their techniques to surface and texture compression.
The applications of multiscale techniques have been explored in several papers,
please see [48] and references therein.

In [44] the author constructs orthonormal wavelets on stratified Lie groups, which
are smooth and well localized in time and frequency. The dilations are given by
automorphism of the Lie group, which can be assimilated to a particular case of
anistropic diffusion in our language.

12. Appendix A. Modified Gram-Schmidt orthogonalization with

geometric pivoting

Suppose we are given a δ−local family Φ̃ = {ϕ̃k}k∈K̃ of positive functions on
X , and let X0 = {x̃k}k∈K̃ be a supporting set for Φ̃. With obvious meaning,
we will sometimes write ϕ̃x̃k

for ϕ̃k. Let V = < {ϕ̃k}k∈K̃ > . We want to build
an orthonormal basis Φ = {ϕk}k∈K whose span is ε-close to V . Out of the many
possible solutions to this standard problem (see e.g. [6, 30] and references therein as
a starting point), we seek one for which the ϕk’s have small support (ideally of the
same order of the support of ϕ̃k). Some standard orthonormalization procedures
may destroy the size the of the support of (most of) the ϕ̃k’s. We suggest here to
use a fast local Gram-Schmidt orthogonalization with “geometric pivoting”, that
provides some guarantees (optimal in some sense) on the size of the support of the
orthonormal functions it constructs, besides having complexity O(n logn), where
n is the cardinality of K̃, which is commonly comparable with the cardinality of
X . Here we are assuming that the approximate (up to precision) search for the
ε-neighbors of any point in X has complexity at most logn. To achieve this, X
may need to be pre-processed, and state of the art fast nearest neighbor algorithm
achieve this in time O(n1+η logn), with constant exponential in the “dimension”
of X , defined in a reasonable way. The literature on fast approximate nearest
neighbors and range searches is vast, see for example [39] as a starting point. Here
we limit ourselves to observe that since T is local and is given represented in a
δ-local basis, we already have a very valuable amount of information about the
nearest neighbors of each point.

Moreover, this Gram-Schmidt procedure is completely local, in the sense that it
is organized so that each of the constructed functions needs to be orthonormalized
only to the nearby functions, at the appropriate scale (in some sense this resemble
a Fast Multipole Method).

Proof of Proposition 6.4. From the δ-locality of Φ̃ and the properties of space of
homogeneous type, it is clear that we can re-order the index set K with a bijection σ
so that the Gramian matrix B is such that exist positive constants A1, A2 depending
only on X and Φ̃ so that

|B(k1, k2)| ≤ A1e
−A2|k1−k2| .
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Then Proposition 3 in Section 11.4 in [17] guarantees the existence of an orthonor-
mal system with the properties claimed. The idea is that B− 1

2 orthonormalizes Φ̃,
then one proves that the rows of B− 1

2 have exponential decay. Then each element
of Φ is a linear combination, with exponentially decaying terms, of δ-local functions
in Φ, and hence is exponentially localized. �

A fast algorithm for computing Φ from Φ̃ follows from ideas in [5].
In the previous proposition, the resulting orthonormal functions {ϕk} have a

uniform decay estimate: in general each of them is not compactly supported, even
when the original ϕ̃k are. In Proposition 6.5 we propose a variant, in which we build
a “layered” orthonormal basis {{ϕl,k}k∈Kl

}l=0,...,L, where the subfamily {ϕl,k}k∈Kl

is roughly 2lδ-local (in particular, compactly supported).

Proof of Proposition 6.5. We start by building K0 so that {x0,k}k∈K0 is a 2δ-lattice,
following [55] (see also [41]). We pick x0,0 ∈ S arbitrary, then we find a x0,1 ∈
S \ (S ∩ B2δ(x0,0)) closest to x0,0 (when there is more than one, choose one
randomly) and so on: when x0,0, . . . , x0,k ∈ S have been picked, pick x0,k+1 ∈
S \ (S ∩ N2δ({x0,0, . . . , x0,k})) closest to N2δ({x0,0, . . . , x0,k}), till no such point
can be found. The set {x0,k}k∈K0 is a 2δ-lattice by construction, and the functions
ϕ0,k := ϕ̃0,k, k ∈ K0 are orthogonal because they are δ-local and hence have disjoint
compact supports, in particular they clearly satisfy (6.4). Of course we normalize
them in L2 before proceeding. Now locally orthogonalize all the remaining ϕ̃k to
the selected {ϕ0,k}k∈K0 (this operation is local as well): the resulting set of “resid-

ual” functions ˜̃Φ0 = ˜̃ϕk is (21 + 1)δ-local. We can repeat the procedure above
on ˜̃Φ by building a (22 + 2)δ-lattice K1. In the actual numerical implementation,
we pick x1,k such that the corresponding “residual function” ˜̃ϕx1,k

has the largest
norm among the remaining ones (pivoted Gram-Schmidt), let us denote this norm
by N1,k.

The thesis follows by induction: after having built

Φ1 ∪ · · · ∪ Φl1 = {{ϕl,k}k∈Kl
}l=0,...,l1

we orthogonalize the remaining ϕ̃k to < Φ1, . . . ,Φl1 >, thus getting a set ˜̃Φl1 . Each
function in ˜̃Φl1 is (2l1+1−1)δ-local: we find a (2l1+2−2)δ-lattice Kl1+1 and normalize
the family { ˜̃ϕk}k∈Kl1+1 of functions with disjoint supports to get {ϕl1+1,k}k∈Kl1+1 .
As before, in the implementation we choose ˜̃ϕl1+1,k that has the maximum norm

among the “residual” functions ˜̃Φl1 .
Numerically, we stop when no element ˜̃ϕk has L2-norm greated than ε. This

construction inherits all the stability properties of modified Gram-Schmidt with
pivoting, since we are simply rearranging the pivoting based on geometric informa-
tion, to achieve better packings, localize the orthogonalization, and achieving the
promised O(n log n) complexity. �

Remark 12.1. When the condition numbers for the initial system Φ̃ are very large
and orthogonality of Φ is crucial, at each level l we need to re-orthogonalize the
system built so far: see [20, 6] for details and references (and observe that this only
about doubles the overall cost).

When X is finite, the proof of Proposition 6.5 shows we are doing a particular,
geometric-driven, QR decomposition of the matrix representing the change of basis
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from Φ̃ to Φ. More precisely, let (Φ̃)kj = ϕ̃k(xj), with k ∈ K and j ∈ X (with the
identification between j and xj), and similarly let (Φ)kj = ϕk(xj), with k running
through the indices in K0, . . . ,KL in this order. Then we have, up to a permutation
of the columns,

(12.1) Φ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ϕ0,0

. . .
ϕ0,|K0|
ϕ1,0

. . .
ϕ1,|K1|

. . .
ϕL,0

. . .
ϕL,|KL|

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎝
D0,0 0 . . . 0

E1,0 D1,1 0
...

...
. . . . . . 0

EJ,0 EJ,1 · · · DJ,J

⎞
⎟⎟⎟⎟⎠ Φ̃

where Dl,l is a |Kl|× |Kl| diagonal matrix, and Ei,j , which orthogonalizes the resid-

ual functions ˜̃Φi to the subspace spanned by the first j levels, i.e. < Φ0, . . . ,Φj >, is
of size |Ki|× |Kj | and sparse. In fact, it is important to realize that by construction
each row of Ei,j contains about

|B2lηδ|
|B2iηδ| ≈ Cl−i

X

non-zero entries, where η is as in definition 6.2. Hence in the whole matrix there
are about

log |X|∑
l=0

l∑
i=0

|Kl|Cl−i
X ≈

log |X|∑
l=0

|Kl|Cl
X

1 − Cl+1
X

1 − C−1
X

≈
log |X|∑

l=0

|X |
Cl

X

Cl
X ≈ |X | log |X |

non-zero entries.
Of course the form of the matrix above is very similar to the ones for wavelet

compressed Calderón-Zygmund operators as in [5]. There the wavelets for the
compression of the operator where fixed and “universal”, here they are constructed
in arbitrary geometries and adapted to the operator.

Remark 12.2. The construction in this proposition applies in particular to the fast
construction of local orthonormal (multi-)scaling functions in Rn, which we think
is of independent interes.

Remark 12.3. The cost of running the above algorithm is O(n log n) times the cost
of finding (approximate) r-neighbors, in addition to the cost of any pre-processing
that may be necessary to perform these searches fast. This follows from the fact
that all the orthogonalization steps are local. The algorithm is very stable, since it
is essentially a multiscale version of modified Gram-Schmidt with pivoting (see e.g.
[6]).
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[35] W. Hackbusch and S. Börm, Data-sparse approximation by adaptive h2-matrices, Com-

puting, (2002).
[36] J. Ham, D. Lee, S. Mika, and B. Schölkpf, A kernel view of the dimensionality reduction

of manifolds, tech. report, Max-Planck-Institut für Biologische Kybernetik, 2003.
[37] Y. Han and E. Sawyer, Littlewood-paley theory on spaces of homogeneous type and classical

function spaces, Memoirs Am. Math. Soc., (1994).

[38] E. Hernández and G. Weiss, A first course on wavelets, CTC Press, 1996.
[39] P. Indyk and R. Motwani, Approximate nearest neighbors: towards removing the curse of

dimensionality, 1998, pp. 604–613.
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